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We investigate the steady-state photon-number squeezing and quantum entanglement in a network
of nondegenerate optical parametric oscillators (NOPOs). We treat each NOPO with Shen’s Raman
laser model, whose lasing mode provides a photon-number-squeezed state. Two dissipatively coupled
NOPOs satisfy Hillery-Zubairy’s HZ1 entanglement criterion if they are pumped far above the
threshold and the dissipative coupling is sufficiently larger than the NOPO cavity loss.
PACS numbers: 42.50.Ar, 64.90.+b; 03.67.Mn
I. INTRODUCTION
Gain-dissipative analogs of closed-space equilibrium
spin systems, such as Ising, XY, and Heisenberg mod-
els, have been studied in laser and parametric oscilla-
tor networks [1–12]. The presence of dissipative cou-
pling between oscillators creates an ordered state, which
is similar to the dissipatively ordered atomic polariza-
tions in superradiance [13, 14]. When each laser has U(1)
continuous degrees of freedom due to the lack of phase
restoring potential [5], a gain-dissipative XY model is ob-
tained by putting linear couplings between the lasers [1–
6]. Similarly, degenerate optical parametric oscillators
(DOPOs) with Z2 degrees of freedom [5] have yielded
gain-dissipative Ising models [7–12]. These systems are
used for solving combinatorial optimization problems [10]
and simulating equilibrium spin models [3, 4, 6, 12]. The
two-dimensional classical XY model was shown to possess
a Berezinskii-Kosterlitz-Thouless (BKT) phase transition
whose low-temperature phase has a quasi-long-range or-
der [15, 16]. A two-dimensional lattice of gain-dissipative
XY model is also expected to have such a phase [3, 4].
The classical XY model is represented by nearest-
neighbor-coupled coherent spin states [17] on the equato-
rial plane of a Bloch sphere, or by coherent boson states
[18]. However, some related models showing the BKT
phase are modified by quantum fluctuations. The quan-
tum XY model [19, 20] is represented by quantum spin
operators. As a result of quantum fluctuation, the ground
state energy the quantum XY model has, is different
from that in the classical XY model[19, 20]. Dissipa-
tive laser network with simple coherent states simulates
only the classical XY model. When we use nonclassical
lasing states, however, the impact of quantum fluctua-
tions will be introduced into the laser network. We con-
sider the photon-number-squeezed state, predicted in a
pump-noise-suppressed laser[21], a Raman laser[22, 23],
and a single-quantum-dot laser[24], as a building block of
network. The photon-number-squeezed lasers provide a
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second-order intensity correlation function smaller than
g(2)(0) = 1 for coherent state, and will have larger phase
fluctuations due to the uncertainty principle.
In this paper, we show that the photon-number-
squeezed state and the entangled state exist in a system
of two coupled nondegenerate optical parametric oscilla-
tors (NOPOs) [5, 6]. As the model of an NOPO, we
use the Shen’s Raman laser model[25]. In an NOPO
with second-order optical nonlinearity χ(2), when the
idler mode is treated as an environment, an NOPO is
equivalent to the Shen’s model where electronic excita-
tions are treated as an environment. In an early quan-
tum treatment of an NOPO, where the signal and the
idler mode have the same dissipation rates, the photon
number squeezed state with g(2)(0) < 1 was theoreti-
cally obtained for the signal mode above the threshold
[26]. As shown by their work, even after tracing out
the idler mode, the signal mode of an NOPO above
the threshold can have photon-number-squeezed state.
The steady-state photon-number-squeezing was also pre-
dicted [22, 23] in a coherently excited three-level laser
system. Above the threshold, they showed that Mandel’s
Q parameter[27] converges as Q→ −1/2. This is smaller
thanQ→ −1/4 of the symmetric NOPO where the signal
and the idler modes have the same loss [26]. The spectral
analysis was performed for symmetric NOPO [28]. It is
shown that above the threshold, the signal mode shows
sub-shot-noise spectral intensity below the cavity cut-off
frequency. Similar spectral analysis was also carried out
[29], in the limit where the electronic excited states have
much larger dissipation than the signal mode.
In this paper, for optical components of the coher-
ent XY machine, we only consider an NOPO described
by Shen’s model[25] due to the theoretical simplicity,
although hyperparametric oscillation with third-order
nonlinear susceptibility χ(3) has been experimentally
achieved [6]. We first show that Shen’s model has
photon number squeezing above the threshold. It is
known that, for the dissipatively coupled DOPOs[10],
where the canonical momentum of the signal mode is
squeezed, an entangled state is theoretically predicted
even above the threshold, via dissipative linear coupling
[8, 9]. Similarly, dissipatively coupled photon-number-
2squeezed states also attain entangled states. This paper
is organized as follows. In Sec.II, we present the NOPO
model and derive the density matrix master equation of
the dissipatively coupled two NOPOs. In Sec.III, we in-
troduce analytical and numerical methods. We show that
the positive-P c-number stochastic differential equation
(PSDE) [8] and truncated Wigner stochastic differential
equation (WSDE) [9] predict the photon-number squeez-
ing with excitation of more than twice the oscillation
threshold. In Sec.IV, we numerically study a system of
two NOPOs with dissipative coupling and show that it
can attain entangled states, if each NOPO operates far
above the threshold and the dissipative coupling is suffi-
ciently large. In Sec.V, we present the summary of this
paper.
II. QUANTUM MASTER EQUATION
In this section, we introduce the density matrix master
equation for ferromagnetically coupled NOPOs. The in-
teraction between the intra-cavity pump mode aˆp, signal
mode aˆs, and idler mode aˆi is represented as
HˆNL = i~κ(aˆ
†
saˆ
†
i aˆp − aˆ†paˆiaˆs). (1)
The quantum master equation of a single NOPO is as
follows:
∂ρˆ
∂t
= − i
~
[HˆNL+Hexc, ρˆ]+
∑
k=p,s,i
γk([aˆk, ρˆaˆ
†
k]+[aˆkρˆ, aˆ
†
k])
(2)
where [Xˆ, Yˆ ] = XˆYˆ −Yˆ Xˆ . The coherent excitation of the
intra-cavity pump mode is represented by the following
Hamiltonian:
Hˆexc = i~ε(aˆ
†
p − aˆp). (3)
Here, we neglect the detunings in both the NOPO in-
teraction and in the excitation. The cavity linewidths
(half-width at half maximum) γk(k = p, s, i) represent
the dissipation of the pump, signal and idler mode, re-
spectively.
We assume a large dissipation rate of the idler mode.
We can adiabatically eliminate the idler mode by using
the Lindblad procedure, assuming that the photon num-
ber in the idler mode is negligible due to rapid decay of
the idler mode. We obtain the following Liouvillian:
LNLρˆ = G([aˆ†saˆp, ρˆaˆ†paˆs] + [aˆ†saˆpρˆ, aˆ†paˆs]) (4)
This Liouvillian has been obtained by eliminating the
fermionic modes in the Raman scattering with the Λ
configuration[25], and also obtained in the Raman scat-
tering with bosonic excitation [30, 31]. If the idler mode
has the large linewidth (γi ≫ γp, γs), G is represented as
G = κ2/γi. After such elimination of the idler mode, the
master equation of a single NOPO ∂ρˆ
∂t
= LNOPO ρˆ is as
FIG. 1. Model of dissipatively coupled two NOPOs.
follows:
LNOPO ρˆ = − i
~
[Hˆexc, ρˆ] +
∑
k=A,B,C
([Lˆk, ρˆLˆ
†
k] + h.c.) (5)
where Lˆk(k = A,B,C) represent Liouvillian terms of
a single NOPO. Here, LˆA =
√
γpaˆp and LˆB =
√
γsaˆs,
and LˆC represents spontaneous and stimulated paramet-
ric scattering from the pump mode to the signal mode:
LˆC =
√
Gaˆ†saˆp.
We then consider the density matrix master equation
of dissipatively coupled NOPOs[8] (Fig.1). The pump
mode and signal mode of the r(= 1, 2)-th NOPO are
represented by aˆpr and aˆsr. We assumed that two NO-
POs have the identical coefficients γp, γs, G and ε. We
introduce Hˆexc,r, LˆA,r, LˆB,r, and LˆC,r as the Hamilto-
nian and the Liouvillians operating on the modes of r-th
NOPO. The dynamics of the dissipatively coupled two
NOPOs is represented by the following master equation:
∂ρˆ
∂t
=
∑
r=1,2
L(r)NOPO ρˆ+ ([Jˆ , ρˆJˆ†] + h.c.). (6)
The first term on the right-hand side represents the dy-
namics of the individual NOPOs, and the second term
represents the mutual coupling between them. The reser-
voir modes for dissipative interaction, experimentally re-
alized by optical delaylines[10], are eliminated by the
Lindblad procedure[8]. Assuming ferromagnetic cou-
pling, we describe Jˆ in the Liouvillian as follows:
Jˆ =
√
J(aˆs1 − aˆs2). (7)
We next discuss the lasing threshold. For a single
NOPO, the lasing occurs when the pump photon num-
ber becomes γs/G. Such pump photons are stored in the
pump mode, with the coherent excitation εthr := γp
√
γs
G
.
We can use p = ε/εthr for the normalized pump rate. If it
is smaller than 1, spontaneous emission is dominant; if it
is larger than 1, stimulated emission is dominant. At the
3threshold p = ε/εthr = 1, the extrapolated purely spon-
taneous emission characteristics reach 〈aˆ†saˆs〉 = 1. Fer-
romagnetically coupled systems comprising two NOPOs
have the same lasing threshold εthr as a single NOPO.
When G is large, the exact threshold differs from the
above value. In such a case, the required pump photon
number for lasing is the same (γs/G). It becomes diffi-
cult to excite γs/G photons in the pump mode, however,
because the spontaneous emission of the pump mode into
the signal mode becomes non-negligible.
III. PHOTON-NUMBER SQUEEZING IN A
SOLITARY NOPO
Here, we present numerical simulation results of
photon-number squeezing in a single NOPO. Before in-
troducing the numerical methods, we present the analyt-
ical result in the limit of large dissipation for the pump
mode (γp ≫ γs). This analytical model shows photon
number squeezing. For numerical simulation, we use the
PSDE [32, 33]. First, we consider the amplitudes of both
the pump and signal modes explicitly. Such simulation
has rigorous correspondence to the original density ma-
trix master equation. Then, we derive truncated mod-
els with the amplitudes of only the signal mode, where
the pump mode is adiabatically eliminated under the as-
sumption of the large dissipation. Two truncated mod-
els with the signal mode represented by the PSDE (T-
PSDE), or by the WSDE (T-WSDE) are introduced.
A. Analytical Result
For a single NOPO, we can derive the analytical steady
state when the dissipation of the pump mode is suffi-
ciently large[34]. The analytical result is obtained from
the expansion of the density matrix master equation,
with Glauber’s coherent states [18] for the pump mode
|αp〉 and diagonal Fock states for the signal mode |Ns〉:
ρˆ =
∞∑
Ns=0
∫
PNs(αp)|αp〉〈αp| ⊗ |Ns〉〈Ns|d2αp. (8)
From the Liouvillian of the single NOPO[Eq.(5)], all non-
diagonal Fock state components of the signal mode are
zero when they are zero at the initial state. Assuming the
vacuum state at t = 0, we consider only diagonal compo-
nents of the signal mode. Applying the above expansion,
we can obtain the following equation for the distribution
function PNs(αp).
∂PNs(αp)
∂t
=
[ ∂
∂αp
(γp +G(1 +Ns))αpPNs
−ε∂PNs
∂αp
+ c.c.
]
+ 2γs[(1 +Ns)PNs+1 −NsPNs ]
+2G|αp|2[NsPNs−1 − (1 +Ns)PNs ] (9)
Here, we shall neglect the term with the negative sig-
nal photon number in the right-hand side. This equation
represents the drift of αp and the hopping of Ns. It is
important to notice that, fortunately, there are no terms
representing simultaneous drift and hopping. If γp is suf-
ficiently large, we can neglect the dynamics of αp at the
steady state. The elimination of the pump mode leads to
PNs(αp) = ρNsδ
(2)
(
αp − ε
γp +G(1 +Ns)
)
. (10)
Integrating Eq.(9) with
∫
d2αp, we have
∂ρNs
∂t
= 2γs[(1 +Ns)ρNs+1 −NsρNs ]
+2[Ge(Ns − 1)NsρNs−1 − (1 +Ns)Ge(Ns)ρNs ]. (11)
Here, Ge(N) = G
ε2
[γp+G(1+N)]2
. Using the detailed bal-
ance in the signal Fock space, we obtain
ρNs
ρNs−1
=
G
γs
ε2
(γp +GNs)2
. (12)
We note that, in the well-known Scully-Lamb theory[35],
the denominator is proportional to the photon number.
From the recursion relation, we can obtain
〈aˆ†js aˆjs〉 = xjΓ(j + 1)
Γ(c)2
Γ(j + c)2
1F2(j + 1; j + c, j + c;x)
1F2(1; c, c;x)
(13)
where x = ε
2
Gγs
, c = 1 +
γp
G
, Γ(z) is the Gamma func-
tion, and 1F2(α;β, γ; z) is the generalized hypergeometric
function. From j = 1, 2 of the above expression, we can
obtain the mean signal photon number and second-order
correlation function of the signal mode. Far below the
threshold (x→ 0), the second order correlation function
is g
(2)
s (0) =
〈aˆ†2s aˆ
2
s〉
〈aˆ†saˆs〉2
= 2
(γp+G)
2
(γp+2G)2
. In the G→ 0 limit, this
represents g(2)(0) → 2, which is known as a blackbody
radiation state[36].
B. Positive-P Representation and PSDE
The positive-P distribution function of the bosonic
mode aˆ is defined as follows[37].
ρˆ =
∫
P (α, α†)ΛˆP (α, α
†)d2αd2α†, (14)
ΛˆP (α, α
†) =: e−(aˆ
†−α†)(aˆ−α) : (15)
where α and α† are independent complex amplitudes, but
their averaged values satisfy 〈α〉∗ = 〈α†〉. For the master
equation [Eq.(5)], we use the expansion.
ρˆ =
∫
P (αp, α
†
p, αs, α
†
s)ΛˆP (αp, α
†
p)⊗ ΛˆP (αs, α†s)dV,
(16)
4where dV = d2αpd
2α†pd
2αsd
2α†s. We obtain the follow-
ing Fokker-Planck equation of the positive-P distribution
function P (αp, α
†
p, αs, α
†
s):
∂P
∂t
=
[ ∂
∂αp
(−ε+ γpαp +G(1 + α†sαs)αp)P
+
∂
∂αs
(γsαs −Gα†pαpαs)P −
∂2
∂αp∂αs
(GαpαsP )
+ h.c.
]
+ 2G
∂2
∂α†s∂αs
(α†pαpP ) (17)
where h.c. represents terms with the operation that trans-
forms the binary [α, α†]T into [α†, α]T . As the Fokker-
Planck equation has derivatives up to the second order,
the equivalent positive-P stochastic differential equations
exist. These are obtained via the Ito rule and represented
as follows[34].
dαp
dt
= −γpαp + ε−G(1 + α†sαs)αp −
√
G
2
αsξ
∗
C (18)
dαs
dt
= −γsαs +Gα†pαpαs +
√
G
2
αp(ξC + ξ
†∗
C ) (19)
dα†p
dt
= −γpα†p + ε−G(1 + α†sαs)α†p −
√
G
2
α†sξ
†∗
C (20)
dα†s
dt
= −γsα†s +Gα†pαpα†s +
√
G
2
α†p(ξ
†
C + ξ
∗
C) (21)
The PSDEs for α†p and α
†
s are obtained by the simple
Hermitian conjugates of those for αp and αs. ξC repre-
sents the complex Gaussian noise with zero means. The
complex number noise ξC has the independent Hermi-
tian conjugate ξ†C . These noise sources have the two
time correlation functions 〈ξ∗C(t)ξC(t′)〉 = 2δ(t− t′) and
〈ξ†∗C (t)ξ†C(t′)〉 = 2δ(t− t′). The relation between Eq.(18)-
(21) and the PSDE of an NOPO with an explicit idler
mode[26] is shown in Appendix A.
C. Truncated-PSDE
The PSDEs in the former section are fully equivalent
to the quantum master equation, where the mechanism
for photon-number squeezing remains unclear, however.
Here, we take the large γp limit in Eq.(18) and Eq.(20)
and eliminate the pump mode adiabatically. Such a pro-
cedure adds products of random numbers in the PSDE.
We truncated these terms assuming small G.
αp =
ε
Γp
− 1
Γp
√
G
2
αsξ
∗
C (22)
α†p =
ε
Γp
− 1
Γp
√
G
2
α†sξ
†∗
C . (23)
Here, Γp := γp + G(1 + α
†
sαs) ∼ γp + Gα†sαs. We
substitute Eqs.(22)(23) into Eqs.(19)(21) and ignore the
products of noise sources. After eliminating αp and α
†
p,
we can obtain the following Fokker-Planck equation of
P (αs, α
†
s) =
∫
P (αp, α
†
p, αs, α
†
s)d
2αpd
2α†p which is equiv-
alent to the stochastic differential equations of αs and
α†s.
∂P
∂t
=
[ ∂
∂αs
(γsαs −Geαs)P − ∂
2
∂α2s
(Fe
2
α2sP
)
+ h.c.
]
+ 2
∂2
∂α†s∂αs
(
Ge − Fe
2
α†sαs
)
P (24)
Here, Ge =
ε2G
Γ2p
, and Fe =
2ε2G2
Γ3p
. Ge represents
the gain coefficient which contains the effect of pump
depletion. The terms with Ge resemble the sponta-
neous and stimulated emission terms in Ref.[30]. On the
other hand, the terms with Fe, which are −( ∂2∂α2 (α2P ) +
c.c.) − 2 ∂
∂α∂α∗
(|α|2P ) in Glauber’s representation, do
not correspond to a simple Liouvillian (Following Lax-
Louisell’s procedure[38], they correspond to the com-
plicated Liouvillian Lρˆ ∼ (aˆ†2aˆ2ρˆ − 4aˆ†aˆ2ρˆaˆ† + h.c.) +
4aˆ2ρˆaˆ†2 + 2aˆ†aˆρˆaˆ†aˆ − 2aˆρˆaˆ†.). We can point out that
the resulting Fokker-Planck equation resembles that of
the simple bosonic dephasing Liouvillian[39]: Lphρˆ ∼
[aˆ†aˆ, ρˆaˆ†aˆ] + h.c., which has the Fokker-Planck equation
∼
[
∂(αP )
∂α
− ∂2
∂α2
(α2P ) + c.c.
]
+ 2 ∂
2
∂α∗∂α
(|α|2P ). In the
polar representation of the coherent state α =
√
Ieiθ,
with
∂
∂α
α =
∂
∂I
I − i
2
∂
∂θ
, (25)
the dephasing process contains the squared imaginary
part ( ∂
∂α
α − ∂
∂α∗
α∗)2P . On the other hand, the pho-
ton number fluctuation contains the squared real part
( ∂
∂α
α + ∂
∂α∗
α∗)2P . Since the terms with Fe in Eq.(24)
have the negative-sign squared real part of Eq.(25), they
represent the removal of photon number fluctuation,
which yields the photon-number-squeezed state. The
positive-P stochastic differential equations for only the
signal mode are obtained as follows:
dαs
dt
= −γsαs +Geαs +
√
GfξC + i
√
FeαsξR (26)
dα†s
dt
= −γsα†s +Geα†s +
√
Gfξ
∗
C − i
√
Feα
†
sξ
†
R (27)
Here, Gf = Ge− Fe2 α†sαs ∼
ε2Gγp
Γ3p
. The complex number
noise source ξC satisfies 〈ξ∗C(t)ξC(t′)〉 = 2δ(t − t′). ξR
and ξ†R are independent real-number noise sources with
〈ξR(t)ξR(t′)〉 = δ(t − t′) and 〈ξ†R(t)ξ†R(t′)〉 = δ(t − t′).
These truncated PSDEs for only signal mode represent
g
(2)
s (0) = 2 for spontaneous emission where Ge = Gf
and
√
Feαs is small. Due to the truncation process, they
5FIG. 2. Numerical results for steady-state single NOPO with γp ≫ γs as a function of normalized excitation p = ε/εthr.
(a) Mean signal photon number 〈aˆ†saˆs〉. (b) Second order correlation function of the signal mode: g
(2)
s (0). (c) Mandel’s Q
parameter of the signal mode. Gray broken lines are analytical results.
cannot represent analytical g
(2)
s (0) = 2
(γp+G)
2
(γp+2G)2
, which
deviates from 2 when G is large.
We numerically integrate the PSDE with the explicit
pump mode [Eqs.(18)(19)(20)(21)], and the truncated-
PSDE without the explicit pump mode [Eqs.(26)(27)].
We compare the results obtained by these two mod-
els with the analytical results [Eq.(13)]. The numeri-
cal results obtained by PSDEs are shown in Fig.2, to-
gether with analytical results. The numerical results
were calculated with 9 × 104 trajectories. Each trajec-
tory starts from a vacuum state. For the first 102/γs
time period, the excitation was adiabatically increased as
p(t) = p
√
γst/102, where p is the excitation at the steady
state. After that time, the time average was taken for
another 102/γs time period where p is constant. The re-
sults are averaged over the 102/γs time period and 9×104
trajectories. The gray broken line in Fig. 2(a) represents
the analytical mean signal photon number. The signal
photon number increases nonlinearly at the threshold
p = ε/εthr = 1. The gray broken line in Fig.2(b) rep-
resents the analytical second-order correlation function
of the signal mode g
(2)
s (0) =
〈aˆ†2s aˆ
2
s〉
〈aˆ†saˆs〉2
obtained by Eq.(13).
Below the threshold, this value is almost equal to 2, which
shows that the signal mode is in the blackbody radiation
state[36]. The signal mode turns from the blackbody ra-
diation state below the threshold into the coherent state
above the threshold. At the threshold, g
(2)
s (0) ∼ pi2 [40]
is obtained due to the non-Gaussian Glauber distribu-
tion function logP (αs) ∼ −|αs|4. Above the threshold,
g
(2)
s (0) is almost 1 but, as shown in the inset, is slightly
smaller than 1 due to the photon-number squeezing. Be-
low the threshold, the values of g(2)(0) are slightly smaller
than 2, for analytical results and PSDE with the explicit
pump mode. These methods can consider the correction
of small-G, which was neglected in the T-PSDE.
To evaluate the photon-number squeezing occurring
above the threshold, we introduce Mandel’s Q parameter
of the signal mode[27]:
Qs =
〈(∆aˆ†saˆs)2〉 − 〈aˆ†saˆs〉
〈aˆ†saˆs〉
. (28)
Here ∆aˆ†saˆs = aˆ
†
saˆs − 〈aˆ†saˆs〉. The coherent state has
Qs = 0, and Fock state has Qs = −1. The photon-
number-squeezed state has Qs smaller than 0. Fig.2(c)
shows that at the threshold Qs has the maximal value
and that above the threshold Qs decreases monotonically
to below Qs = 0. We can see that a single NOPO in the
large pump linewidth limit produces a photon-number-
squeezed state with the pump rates ε/εthr > 2. From the
analytical results [Eq.(13)], Qs converges to Q → −0.5,
as predicted far above the threshold for a model with
electronic levels[22, 23]. The results of the PSDE with
the explicit pump mode have slightly larger Qs above the
threshold. This is because the rigorous PSDE calculation
contains the correction of Qs due to the finite γp/γs.
D. Wigner Representation and Truncated-WSDE
We also consider the truncated Wigner representation
for the density operator. In the final form, this approach
can provide the SDE of only one complex variable for
each OPO. However, at first, instead of the ordinary
Wigner function, we use the positive-Wigner function de-
fined by the following expansion of the density matrix
[37].
ρˆ =
∫
W (α, α†)ΛˆW (α, α
†)d2αd2α†, (29)
where
ΛˆW (α, α
†) = 2 : e−2(aˆ
†−α†)(aˆ−α) : . (30)
We expand the density operator using the positive-
Wigner function for the signal mode, while the pump
mode is expanded with positive-P distribution function:
ρˆ =
∫
Ω(αp, α
†
p, αs, α
†
s)ΛˆP (αp, α
†
p)⊗ ΛˆW (αs, α†s)dV.
(31)
Here, dV = d2αpd
2α†pd
2αsd
2α†s, and Ω is the hy-
brid distribution function, which produces a positive
Wigner function when the pump mode is integrated:
6W (αs, α
†
s) =
∫
Ω(αp, α
†
p, αs, α
†
s)d
2αpd
2α†p. The Fokker-
Planck equation under the above expansion has third-
order derivatives. We neglect these derivatives, and ob-
tain the following stochastic differential equations for the
pump amplitude and signal amplitude.
dαp
dt
= −γpαp+ε−G
(
α†sαs+
1
2
)
αp−
√
G
4
(αsξC1+α
†
sξC2)
(32)
dαs
dt
= −γsαs +Gα†pαpαs +
√
γs
2
+
G
2
α†pαpξC
+
√
G
4
(αpξ
∗
C1 − α†pξ†∗C2) (33)
dα†p
dt
= −γpα†p+ε−G
(
α†sαs+
1
2
)
α†p−
√
G
4
(α†sξ
†
C1+αsξ
†
C2)
(34)
dα†s
dt
= −γsα†s +Gα†pαpα†s +
√
γs
2
+
G
2
α†pαpξ
∗
C
+
√
G
4
(α†pξ
†∗
C1 − αpξ∗C2) (35)
ξC , ξC1, ξ
†
C1, ξC2 and ξ
†
C2 are independent complex ran-
dom numbers. We eliminate the pump mode in a way
similar to Eqs.(22) and (23) and ignore the product of
noise terms. After the elimination of the pump mode, we
do not require the positive-Wigner representation. We
obtain the following stochastic differential equation in
Wigner representation:
dαs
dt
= −γsαs +Geαs +
√
γs
2
+
Ge
2
ξC (36)
where ξC is a complex random number with
〈ξ∗C(t)ξC(t′)〉 = 2δ(t − t′). Here, Ge is the same as
that in the T-PSDE with Γp = γp + G|αs|2 under the
assumption of γp ≫ G. The 〈aˆ†saˆs〉, g(2)s (0) and Qs
obtained with the T-WSDE are represented in Fig.2.
Results for the T-WSDE above the threshold are similar
to those of the T-PSDE in Fig.2, although far below the
threshold, the results with the truncated WSDE have
large fluctuation. We used Eq.(36) to derive analytical
results in Appendix B.
IV. ENTANGLEMENT IN TWO COUPLED
NOPOS
A. Small-gain Case
We now consider the system of two NOPOs with dis-
sipative coupling coefficient J , below normalized as j =
J/γs. We consider the network of two NOPOs where two
signal modes represented by aˆs1 and aˆs2 are dissipatively
coupled. To quantify the entanglement between two sig-
nal modes, we use one of the Hillery-Zubairy criteria[41]
which we call HZ1.
HZ1 = |〈aˆ†s1aˆs2〉|2 − 〈aˆ†s1aˆs1aˆ†s2aˆs2〉 (37)
HZ1 > 0 is the sufficient condition for entanglement. If
the density matrix after tracing out the pump modes can
be separated into that of the first NOPO (ρˆ1) and that of
the second NOPO (ρˆ2), as ρˆ = ρˆ1 ⊗ ρˆ2, HZ1 ≤ 0 can be
obtained from the Schwarz inequality. Therefore, when
HZ1 > 0 the system of two NOPOs is not in the prod-
uct state. The HZ1 value can be calculated with PSDE,
T-PSDE and T-WSDE. Calculation was performed for
two NOPOs with G/γs = 0.05, γp/γs = 50 and j = 4.
The steady state results were obtained in the same way
as those in Fig.2. We plot the HZ1 value normalized by
mean photon number 〈aˆ†saˆs〉 as a function of the normal-
ized pump rate p = ε/εthr in Fig.3(a). HZ1 is negative
just above the threshold but becomes positive at p ∼ 3.
We can see that the dissipatively coupled NOPOs can
satisfy the entanglement criterion. The gray broken line
represents the analytical results shown in Appendix B.
The j dependence of HZ1 is shown in Fig.3(b) with the
excitation p = 5. When j is small, the entanglement
criterion is not fulfilled, although the photon-number-
squeezed state is attained in each NOPO. HZ1 becomes
positive only for large j. In Fig.3(b), j ∼ 8/3 is required.
The PSDE with the explicit pump mode had a slightly
larger Qs in Fig.2(c), and also a slightly smaller HZ1
value.
FIG. 3. Normalized HZ1 value in the dissipatively coupled
two NOPOs (a) as a function p = ε/εthr with constant cou-
pling coefficient j = 4, and (b) as a function j = J/γs with
constant excitation p = 5. Gray broken lines are analytical
results shown in Appendix B.
B. Large-gain Case and Non-diagonal Components
Here we describe the entanglement formed in the two
coupled NOPOs by calculating non-diagonal elements in
a Fock state representation. The density matrix equation
for a single NOPO is Eq.(5). We perform the direct cal-
culation of the density matrix equation after eliminating
the pump mode in a way similar to Eq.(10). For a sin-
gle NOPO, the density matrix components for the signal
photon number Ns (ρˆ =
∑
Ns,N ′s
ρNs,N ′s |Ns〉〈N ′s|) have
the following equation:
7∂ρNs,N ′s
∂t
= 2γs
√
(Ns + 1)(N ′s + 1)ρNs+1,N ′s+1 − γs(Ns +N ′s)ρNs,N ′s
+ 2Ge(Ns − 1, N ′s − 1)
√
NsN ′sρNs−1,N ′s−1 − [Ge(Ns, N ′s)(Ns + 1) +Ge(Ns, N ′s)(N ′s + 1)]ρNs,N ′s . (38)
Here, Ge(M,N) = G
ε2
[γp+G(1+M)][γp+G(1+N)]
, and we
shall neglect terms with a negative photon number in
the right-hand side. We can easily extend this equation
to the dissipatively coupled two NOPOs. The derivation
and validation of this numerical method is shown in Ap-
pendix C. To obtain the photon-number-squeezed state
with the small photon number available in density ma-
trix calculation, we take a largeG value. We calculate the
steady-state of the two coupled NOPOs with G/γs = 50
and γp/γs = 50. The time development started from
the vacuum state. The excitation depended on time as
pmin(1,
√
tγs/10). The state after the 40/γs time period
was evaluated. The maximum photon number considered
was Ns = 30 and states with photon number larger than
that were neglected. First, the excitation dependence
was studied with a fixed dissipative coupling constant
j = 4. The excitation-dependent mean signal photon
number 〈aˆ†saˆs〉 is shown in Fig.4(a). We can see that
the signal photon number does not show a nonlinear in-
crease at 〈aˆ†saˆs〉 = 1. This thresholdless behavior is due
to the condition of the unity saturation parameter[42].
We present the second-order correlation function g
(2)
s (0)
in Fig.4(b). Below the threshold, the single NOPO has
g
(2)
s (0) = 8/9 for G = γp. However, we obtained the
larger value g
(2)
s (0) ∼ 1.21 due to the dissipative cou-
pling. We can see that g
(2)
s (0) changes explicitly from
g
(2)
s (0) > 1 below the threshold to g
(2)
s (0) < 1 above the
threshold. Next, the HZ1 entanglement criterion was
calculated. The positive HZ1, which shows the insepa-
rability of the two NOPOs, is shown in Fig.4(c). We can
see that for large G, the entanglement formation requires
a larger p value than in the small-G case in Fig.3, due to
the change in an effective threshold in such a threshold-
less oscillator.
We plot the nondiagonal Fock space components
〈Ns, N ′s|ρˆ|N ′s, Ns〉 in Fig.4(d) for p = 10 and j = 4,
where HZ1 > 0 and the mean signal photon number was
〈aˆ†saˆs〉 ∼ 8.72. The peak of the plot is larger than that of
the coherent state (
〈aˆ†saˆs〉
Ns
Ns!
e−〈aˆ
†
saˆs〉)2 due to the photon-
number-squeezing factor 1/(1 + Qs). Here Qs ∼ −0.27.
With large mutual coupling satisfying HZ1 > 0, as
seen in Fig.4(d), the superposition of Fock states oc-
curs sufficiently for states with photon number differ-
ence .
√
〈aˆ†saˆs〉 around the mean photon number. The
growth of the non-diagonal components indicates the for-
mation of superposition between Fock states with the
same total signal photon number. We then present the
non-diagonal components 〈Ns, Ns|ρˆ|N ′s, N ′s〉. Such com-
ponents contribute to the entanglement between the sig-
nal and idler mode in a single NOPO[36]. As shown
in Fig.4(e), such non-diagonal components are absent
in signal modes of dissipatively coupled photon-number-
squeezed states.
V. SUMMARY
We numerically showed that the steady-state photon-
number squeezing is attained in a solitary NOPO above
the threshold, and that such squeezed states result in
quantum entanglement with sufficiently large dissipative
coupling between two NOPOs. We introduced stochas-
tic differential equations, and the numerical method with
Fock space components, for Shen’s Raman laser model.
When the gain coefficient per pump photon (G) is small,
the PSDE, truncated PSDE, and the truncated WSDE
show similar results on photon number squeezing and
entanglement. The truncated PSDE after the adia-
batic elimination of the pump mode has a correspond-
ing Fokker-Planck equation that explicitly represents the
nonclassical negative photon number diffusion. The trun-
catedWSDE provides a simple equation which represents
the photon number squeezed state. We showed that the
two coupled NOPOs pass the Hillery-Zubairy’s criterion
of entanglement, when each NOPO operates far above
the threshold and the dissipative linear coupling is suf-
ficiently large. We considered two coupled NOPOs with
large gain coefficient G, with the numerical calculation of
the Fock space components after eliminating the pump
modes. When the system satisfies the entanglement cri-
terion, we can see large non-diagonal Fock space compo-
nents.
For a single NOPO with large G, antibunching with
g(2)(0) → 0.5 was obtained in the spontaneous emis-
sion regime. This nonclassicality shows possible entan-
glement even below the threshold. We did not show posi-
tive HZ1 for NOPOs below the threshold, however, even
when a solitary NOPO can satisfy g(2)(0) < 1. To ob-
tain HZ1 > 0 below threshold, we note that smaller
correlation function g(2)(0) → 0 must be achieved[43]
when the detuning exists between pump, signal and elec-
tronic excitation. The detuning could be introduced in
our scheme with the nondegenerate Kerr interaction, i.e.,
cross-phase modulation between the pump and signal
waves, Hˆ ∼ aˆ†paˆpaˆ†saˆs, that is added when pump-signal-
idler coupling has the detuning[44].
We only consider an NOPO via second-order nonlin-
ear susceptibility χ(2), although experimentally a non-
linear optical realization of a coherent XY machine was
achieved with hyperparametric oscillation via degener-
ate four-wave-mixing[6]. The pump mode of the hy-
perparametric oscillator has, above the threshold, two-
8FIG. 4. Steady state of two coupled NOPOs with large gain coefficient G. Excitation dependent (a) mean signal photon number
〈aˆ†saˆs〉, (b) second-order correlation function g
(2)
s (0), and (c) normalized HZ1 value. The dissipative coupling coefficient was
j = 4. Nondiagonal Fock space components (d) 〈Ns, N
′
s|ρˆ|N
′
s, Ns〉 and (e) 〈Ns, Ns|ρˆ|N
′
s, N
′
s〉 with p = 10 and j = 4.
photon-absorption into the signal mode. As two-photon-
absorption of the coherently excited mode realizes photon
number squeezed state with Mandel’s Q → −1/3 [45],
the photon number squeezing of the signal mode will be
enhanced.
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Appendix A: Relation between NOPO model and
Shen’s model
Here, we present the relation between the NOPO
model and Shen’s model with adiabatic elimination of
the idler mode. The well-known PSDE of NOPO with
Eq.(2) is as follows[26, 46]:
dαp
dt
= −γpαp + ε− καsαi (A1)
dαs
dt
= −γsαs + κα†iαp +
√
κ
2
αpξC (A2)
dαi
dt
= −γiαi + κα†sαp +
√
κ
2
αpξ
∗
C (A3)
dα†p
dt
= −γpα†p + ε− κα†sα†i (A4)
dα†s
dt
= −γsα†s + καiα†p +
√
κ
2
α†pξ
†
C (A5)
dα†i
dt
= −γiα†i + καsα†p +
√
κ
2
α†pξ
†∗
C (A6)
After αi and α
†
i are adiabatically eliminated as
αi =
κ
γi
α†sαp +
√
κ
2γ2
i
αpξ
∗
C and α
†
i =
κ
γi
αsα
†
p +√
κ
2γ2
i
α†pξ
†∗
C , the corresponding Fokker-Planck equation
of P (αp, α
†
p, αs, α
†
s) is similar to Eq.(17) with G =
κ2/γi. However, the SDEs do not correspond directly
to Eqs.(18)-(21). Here, it is known that we can choose
the diffusion coefficients arbitrarily[33]. With the pump
mode following Eqs.(A1)(A4), we can obtain the follow-
ing SDEs for signal and idler modes.
dαs
dt
= −γsαs + κα†iαp +
√
G
2
αpξC (A7)
dαi
dt
= −γiαi + κα†sαp +
√
γi
2
ξ∗C (A8)
dα†s
dt
= −γsα†s + καiα†p +
√
G
2
α†pξ
†
C (A9)
dα†i
dt
= −γiα†i + καsα†p +
√
γi
2
ξ†∗C (A10)
When the idler mode is adiabatically eliminated with
αi =
κ
γi
α†sαp+
√
1
2γi
ξ∗C and α
†
i =
κ
γi
αsα
†
p+
√
1
2γi
ξ†∗C , from
Eqs.(A1)(A7)(A4)(A9), Eqs.(18)-(21) without the spon-
taneous emission loss of the pump mode are obtained di-
rectly. The spontaneous emission loss of the pump mode
appears in the time development of the amplitude prod-
ucts αiαs and α
†
iα
†
s, but it is not considered when we
eliminate the idler mode from PSDE.
Appendix B: Analytical result for small-gain case
In a recent paper on a coherent Ising machine, we
showed an analytical method for calculating entangle-
ment criterion[47]. Here, we apply this method for dis-
sipatively coupled two NOPOs above the threshold. We
start the discussion from the T-WSDE, assuming large
γp. First, we consider a solitary NOPO. Above the
threshold, in the square root of Eq.(36), we assume Ge ∼
γs. We consider the fluctuation around the mean ampli-
tude 〈αs〉 =
√
γp
G
(p− 1). For the fluctuation part ∆αs =
αs−〈αs〉, the drift term is−γs∆αs+Ge∆αs+〈αs〉∆Ge ∼
〈αs〉∆Ge. Here, ∆Ge ∼ −2G2ε2Γ3p 〈αs〉(∆αs + ∆α
∗
s). The
fluctuation part ∆αs has the following equation.
d∆αs
dt
= −2γs
(
1− 1
p
)
(∆αs +∆α
∗
s) +
√
γsξs (B1)
10
Mandel’s Q parameter satisfies Qs = 〈(∆αs+∆α∗s)2〉−1
and is written as Qs = − 12 + 12(p−1) . Therefore, when
p > 2 the amplitude noise is smaller than the vacuum
noise. In the large p limit, the amplitude noise is half of
the vacuum noise[22, 23].
For two coupled NOPOs with 〈αs1〉 = 〈αs2〉 =√
γp
G
(p− 1), the normalized HZ1 criterion can be rep-
resented from small fluctuations of Wigner amplitudes:
HZ1
〈aˆ†saˆs〉
= 1− 2〈|∆αs1|2〉 − 2〈∆αs1∆αs2〉. (B2)
These mean fluctuation products at a steady state can
be calculated from


A′ A −j 0
A A′ 0 −j
−j 0 A′ A
0 −j A A′




〈∆α2s1〉
〈|∆αs1|2〉
〈∆αs1∆αs2〉
〈∆α∗s1∆αs2〉

 = 1
2


0
2 + j
0
−j

 , (B3)
where A = 2(1 − p−1) and A′ = A + j + δ. Here δ is a
small value added to avoid divergence. The normalized
HZ1 is finite even with δ → 0 and represented as
HZ1
〈aˆ†saˆs〉
=
j − 2
4j
− 1
4(p− 1) . (B4)
When j = 4, this has a positive value for p > 3.
Appendix C: Derivation and Numerical test of
Eq.(38)
Here, we comment on the derivation and numerical
simulation of Eq.(38). Derivation is similar to the diago-
nal case [Eq.(8)], but we use the expansion with complex-
P representation for the pump mode.
ρˆ =
∑
Ns,N ′s
∫
PNs,N ′s(αp, α
†
p)
|αp〉〈α†∗p |
〈α†∗p |αp〉
⊗ |Ns〉〈N ′s|dαpdα†p.
(C1)
With this expansion, we can obtain an equation similar
to Eq.(9):
∂PNs,N ′s
∂t
= −ε∂PNs,N ′s
∂αp
− ε∂PNs,N ′s
∂α†p
+
∂
∂αp
(γp +G(1 +Ns))αpPNs,N ′s
+
∂
∂α†p
(γp +G(1 +N
′
s))α
†
pPNs,N ′s
+γs[2
√
(1 +Ns)(1 +N ′s)PNs+1,N ′s+1
−(Ns +N ′s)PNs,N ′s ]
+Gα†pαp[2
√
NsN ′sPNs−1,N ′s−1
−((1 +Ns) + (1 +N ′s))PNs,N ′s ]. (C2)
The elimination of the pump mode is performed as
PNs,N ′s(αp, α
†
p) = ρNs,N ′sδ
(
αp − εγp+G(1+Ns)
)
δ
(
α†p −
ε
γp+G(1+N ′s)
)
. Here, αp depends onNs and α
†
p depends on
N ′s. Integrating with
∫
dαpdα
†
p, we can obtain Eq.(38).
We can easily extend the pump-eliminated Fock space
approach using Eq.(38) to two coupled NOPOs. First,
we present the validation of the pump-eliminated Fock
space approach by comparison with positive-P SDE.
We present the time development with γp/γs = 100,
G/γs = 5, J/γs = 4 and p = 4. Excitation depended
on time as pmin(
√
tγs/2, 1). In the positive-P calcula-
tion, we used Eqs.(18)-(21) with an explicit pump mode.
We consider ∆tγs = 10
−5 and the number of trajectories
to be 9 × 104. There were no trajectories with the di-
vergence problem[33]. For pump-eliminated Fock space
calculation, we consider ∆tγs = 2 × 10−4 and the maxi-
mum photon number to be Ns = 100. The deviation of
the trace due to the cutoff of the Fock space was smaller
than 10−6. In Fig.5(upper), we present the time devel-
opment of the signal photon number and the normalized
HZ1 criterion. As shown in the inset, HZ1 becomes pos-
itive and the entanglement criterion is satisfied. Next,
in Fig.5(lower), we present the validation of the pump-
eliminated Fock space approach by comparison with the
direct calculation of Eq.(6). We present the time devel-
opment with γp/γs = 50, G/γs = 400, J/γs = 9 and
p = 25. In the direct calculation, ∆tγs = 2 × 10−5, and
the maximum pump (signal) photon number was Np = 4
(Ns = 13).
FIG. 5. Comparison between pump-eliminated Fock space
approach and PSDE (upper) or direct calculation of Eq.(6)
(lower) for two coupled NOPOs. Time-dependent (a) mean
signal photon number 〈aˆ†saˆs〉, and (b) normalized HZ1 value.
The results of pump-eliminated Fock space approach are
shown by black lines and the results of the PSDE or the direct
calculation are shown by red open circles.
